CALABI-YAU POINTED HOPF ALGEBRAS OF FINITE 

CARTAN TYPE 



XIAOLAN YU AND YINHUO ZHANG 

Abstract. We study the Calabi-Yau property of pointed Hopf algebra 
U (D, A) of finite Cartan type. It turns out that this class of pointed 
Hopf algebras constructed by N. Andruskiewitsch and H.-J. Schneider con- 
tains many Calabi-Yau Hopf algebras. To give concrete examples of new 
Calabi-Yau Hopf algebras, we classify the Calabi-Yau pointed Hopf algebras 
U(T>,\) of dimension less than 5. 



Introduction 

In [3], N. Andruskiewitsch and H.-J. Schneider classified pointed Hopf algebras 
with finite Gelfand-Kirillov dimension, which are domains with a finitely gener- 
ated abelian group of group-like elements, and a positive braiding. In the same 
paper, the authors constructed a class of Hopf algebra U(T>,\), generalizing 
the quantized enveloping algebra U q (q) of a finite dimensional semisimple Lie 
algebra q. These pointed Hopf algebras turn out to be Artin-Schelter (AS-) 
Gorenstein Hopf algebras. AS-Gorenstein Hopf algebras have been recently 
intensively studied (e.g. [6j El [TU [TBI EH ES]). One of important properties 
of an AS-Gorenstein Hopf algebra is the existence of a homological integral, 
which generalizes Sweedler's classical integral of a finite dimensional Hopf al- 
gebra cf.|15|. Brown and Zhang proved that the rigid dualizing complex of 
an AS-Gorenstein Hopf algebra is determined by its Homological integral and 
antipode |7j. He, Van Oystaeyen and Zhang used homological integrals to in- 
vestigate the Calabi-Yau property of cocommutative Hopf algebras [12]. They 
successfully classified the low dimensional cocommutative Calabi-Yau Hopf al- 
gebras over an algebraic closed field of characteristic zero. 

The main aim of this paper is to find out when a pointed Hopf algebra U (T>, A) 
of finite Cartan type is Calabi-Yau, and to classify those low dimensional 
Calabi-Yau pointed Hopf algebras. It turns out that the class U(T>, A) of 
pointed Hopf algebras contains many Calabi-Yau Hopf algebras. Most of them 
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are of different types from the quantum groups U q (g), which were proved to be 
Calabi-Yau by Chemla [8]. This give us more interesting examples of Calabi- 
Yau Hopf algebras. The paper is organized as follows. 

In Section 1, we recall the pointed Hopf algebras U(T>, A) of finite Cartan type, 
the definition of a Calabi-Yau algebra, the notion of a homological integral 
and a (rigid) dualizing complex over a Noetherian algebra. In Section 2, we 
study the Calabi-Yau pointed Hopf algebras of finite Cartan type. We give a 
necessary and sufficient condition for a Hopf algebra U(V, A) to be Calabi-Yau, 
and calculate the rigid dualizing complex of U(V, A) (Theorem 12. 3j) . In [8], the 
author calculated the rigid dualizing complexes of quantum groups U q {o). As 
a consequence of the characterization theorem, the quantum groups U q (g) are 
Calabi-Yau Hopf algebras. 

A pointed Hopf algebra of form U(T>, A) is a (cocycle) deformation of the smash 
product B(V)#kT, where B(V) is the Nichols algebra of V and kr is the group 
algebra of the group formed by group- like elements of U(T>,X). Our second 
aim in this paper is to study the Calabi-Yau property of the Nichols algebra 
B{V). The algebra B{V) is an N p+1 -filtered algebra. By analyzing the rigid 
dualizing complex of the associated graded algebra GrB(V), we obtain the 
rigid dualizing complex of B(V). We then are able to give a necessary and 
sufficient condition for the algebra B{V) to be Calabi-Yau, which forms the 
main result of Section 3 (see Theorem I3.9|) . 

In Section 4, we discuss the relation between the Calabi-Yau property of a 
pointed Hopf algebra U(V, A) and the Calabi-Yau property of the associated 
Nichols algebra B{V). It turns out that for a pointed Hopf algebra U(V,\) 
and its associated Nichols algebra B(V), if one of them is CY, the other one is 
not. 

In the final section, we classify the Calabi-Yau pointed Hopf algebras U(T>, A) 
of dimension less than 5. It turns out that U q (sl2) is the only known non- 
cocommutative example in the classification. The other non-cocommutative 
Hopf algebras are new examples of Calabi-Yau Hopf algebras. 



1. Preliminaries 

Throughout this paper, we fix an algebraically closed field k. All vector spaces, 
algebras are over k. The unadorned tensor <g> means (g>k- Given an algebra A, 
we write A op for the opposite algebra of A and A e for the enveloping algebra 
A <g> A op of A. 
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Let A be an algebra. For a left A-module M and an algebra automorphism 
<f> : A — > A, mM stands for the left A-module twisted by the automorphism 
(j). Similarly, for a right ^4-module N, we have A^. Observe that A^ = a-iA 
as ^4-^4-bimodules. A^ = A as A-A-bimodules if and only if <p is an inner 
automorphism. 

Let A be a Hopf algebra, and £ : A — > k an algebra homomorphism. We write 
[£] to be the winding homomorphism of £ defined by 

[£](a) = E^ a i) a 2> 

for any a £ A. 

A Noetherian algebra in this paper means a left and right Noetherian algebra. 

1.1. Pointed Hopf algebra U(T>, A). In this subsection we recall the defi- 
nitions and basic properties of Nichols algebras and pointed Hopf algebras of 
finite Cartan type. More details can be found in [3j. We fix the following 
terminology. 

• a free abelian group T of finite rank s; 

• a Cartan matrix (ay) € Z 8xe of finite type, where 9 E N. Denote by 
(di,--- ,dg) a diagonal matrix of positive integers such that diOij = 
djdji, which is minimal with this property; 

• a set X of connected components of the Dynkin diagram corresponding 
to the Cartan matrix (ay). If 1 ^ i, j ^ 9, then i ~ j means that they 
belong to the same connected component; 

• a family (q^i^x of elements in k which are not roots of unity; 

• elements gi, • • • ,gg £ T and characters Xi> ' ' ' > X8 S T such that 

(!) Xj(9i)Xi(9j) = <h a '\ Xi{9i) = <?/% for all 1 < i,j < 0, I £ X. 

Let V be the collection X>(r, (ay)i<i i: /<0, (Qz)ieX, (3i)l<i«5> (Xi)i^e)- A link- 
ing datum A = (Ay) for D is a collection of elements (\j)i<a<j^e,i^j £ {0, 1} 
such that Ay = if gigj = 1 or XiXj £ - We write the datum A = 0, if Ay = 
for all 1 < % < j ^ 6. The datum (V, A) = (r, (ay), q n (gi), (xi), (Ay)) is called 
a generic datum of finite Cartan type for group T. 

Definition 1.1. [3} Sec. 4] Let (2?, A) be a generic datum of finite Cartan 
type. Let U(V,X) be the algebra generated by xi,-- - ,x$ and y^ 1 ,-'' , y^ 1 
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subject to the relations 

VrnVh 1 = y^Vm' VrnVm 1 = 1, 1 ^ 771, h ^ S. 

(group action) y h Xj = Xj{Vh)xjyh, 1 ^0, l^h^s, 

(Serre relations) (ad c Xj) 1_aiJ (xj) = 0, 1 ^ i ^ j ^ 0, i ~ j, 

(linking relations) XiXj - Xj(9i)xj%i = ~ 9i9j), l^i<j^0, ifj, 
where ad c is the braided adjoint representation defined in [31 Sec. 1]. 

For a generic datum of finite Cartan type (T>, A), denote by qji = Xi(9j)- Then 
Equation (pTJ) reads as follows: 

(2) qa = qf and q^qji = qf " 3 for all 1 ^ i, j < 0, 1 £ X. 

Let V be a Yetter-Drinfeld module over the group algebra kr with basis X{ € 
V(£ % , I ^ i ^ 0. In other words, V is a braided vector space with basis 
xi, • • • , xq, whose braiding is given by 

c(^X{ Xj) — QijXj (^) 

It can be easily derived from the proof of [31 Thm. 4.3] that the Nichols algebra 
B[V) is isomorphic to the following algebra: 

k(xi,-- - ,x e | (ad c x;) 1_a ^ ( Xj ) =0,1 < i,j < 0,i^j}- 

We refer to [1,, Sec. 2] for the definition of a Nichols algebra. 

Let $ be the root system corresponding to the Cartan matrix (eiy) with 
{ai, • • • ,ae} a set of fix simple roots, and W the Weyl group. We fix a re- 
duced decomposition of the longest element Wq = ■ ■ ■ Si p of W in terms of 
the simple reflections. Then the positive roots are precisely the followings, 

(3i = a h , (3 2 = s h (a i2 ), ■■■ ,/3 p = s h ■■■ s^.^a^). 

If Pi = Yli=i m i a ii then we write 

mi mg j mi mg 

9Pi= 9x ■■■9e and Xft = Xi • • • X e ■ 
Similarly, we write q^. = Xp.{.9p.)- 

Root vectors for a quantum group U q (g) were defined by Lusztig [T7]. Up to 
a non-zero scalar, each root vector can be expressed as an iterated braided 
commutator. As in [21 Sec. 4.1], this definition can be generalized to a pointed 
Hopf algebras U(V, A). For each positive root 1 ^ i ^ p, the root vector x^. 
is defined by the same iterated braided commutator of the elements xi, • • • , xg, 
but with respect to the general braiding. 

Remark 1.2. If /3j = cti, then we have xp. = x\. That is, xi, • • • ,x$ are the 
simple root vectors. 
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Lemma 1.3. [3 Thm. 4.3] Let (V,X) = (T, (ay), q z , (xi), (Ay)) &e a 
generic datum of finite Cartan type for V. The algebra U(T>,A) as defined in 
Definition \1.1\ is a pointed Hopf algebra with comultiplication structure deter- 
mined by 

A(yh) =yh® Uh, A(xj) = Xi ® 1 + a; ® Xi, 1 ^ h ^ s, 1 ^ i ^ 9. 
Furthermore, U(V, A) has a PBW-basis given by monomials in the root vectors 

(3) {*£-*gv}, 

for ai ^ 0, 1 ^ i ^ p, and y 6 I\ T/ie coradical filtration of U(T>, A) is given 
by 

U(D, X) N = span of xp h ■ ■ ■ x^. y, j < N, y € I\ 

There is an isomorphism of graded Hopf algebras GtU(T>,\) = B(V)#hT = 
U(T>,0). The algebra U{T>,\) has finite Gelfand-Kirillov dimension and is a 
domain. 

In [3], degrees of the PBW basis elements are defined as follows: 

(4) deg(z£ • • • x%y) = K • • • , a p , ^Mfc)) G (^°) p+1 , 

i=l 

where 7ii(/3) is the height of the root /?. That is, if f3 = Y^i=i m i a ii then 
ht((3) = Yli=i m i- Order the elements in (Z^°) p+1 as follows 

. . (ai, • • • , a p , a p+ i) < - • • ,b p , b p+ i) if and only if there is some 
1 ^ fc ^ p + 1, such that aj = foj for i ^ A; and a^-i < Ofc-i- 



Given m £ N p+1 , let F m U(T>,\) be the space spanned by the monomials 
x< ^\ ' ' ' x °$ v y sucn that deg(x^ • • • x^y) ^ m. Then we obtain a filtration on 
the algebra U(V, A). 



Lemma 1.4. If the root vectors xp i ^x^ j belong to the same connected compo- 
nent and j > i, then 

(6) [zfaXPijc = Yl P<P%'" X %> 

aeNP 

where p a G k and p a ^ only when a = (ai, • • • , a p ) is suc/i £/iai a s = /or 
s ^ i or s ^ j. In particular, in U(T>,0), the equation Zio/cfe /or a// root 
vectors xp v x^. with i < j. 



Proof. This follows from O Prop. 2.2] and the classical relations that hold 
for a quantum group U q (g) (see Thm. 9.3] for example). It was actually 
proved in Step VI of the proof of Theorem 4.3 in [3]. □ 
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Lemma 1.5. The filtration defined by PBW basis is an algebra filtration. The 
associated graded algebra Giri7(£>,A) is generated by xg i} 1 ^ i ^ p, and yh, 
1 ^ h ^ s, subject to the relations 

yfvt 1 = yt 1 Vh 1 , vt x vl 1 = i, iO,m<«, 

VhXfi, = XPiiyhlxpiVh, l^i^p, l^h^s, 
XfrXfr = x p . {3p. fojXft, l^i<j^p. 

Proof. This follows from Lemma 11.41 and the linking relations. □ 

1.2. Calabi-Yau algebras. Following |llj . we call an algebra Calabi-Yau of 
dimension d if 

(i) A is homologically smooth, that is, A has a bounded resolution of 
finitely generated projective ^4-A-bimodules; 

(ii) There are j4-j4-bimodule isomorphisms 



Ext^(^,^ 6 ) 



i^d; 
A i = d. 



In the sequel, Calabi-Yau will be abbreviated to CY for short. 

In [12] , the CY property of Hopf algebras was discussed by using the homolog- 
ical integrals of Artin-Schelter Gorenstein (AS-Gorenstein for short) algebras 
[121 Thm. 2.3]. 

Let us recall the definition of an AS-Gorenstein algebra (cf. [7j). 

(i) Let A be a left Noetherian augmented algebra with a fixed augmenta- 
tion map e : A — > k. The algebra A is said to be left AS-Gorenstein, 
if 

(a) injdim aA = d < oo, 

0, i^d; 

1, i = d, 

where injdim stands for injective dimension. 

A Right AS-Gorenstein algebras can be defined similarly. 

(ii) An algebra A is said to be AS-Gorenstein if it is both left and right 
AS-Gorenstein (relative to the same augmentation map e). 

(iii) An AS-Gorenstein algebra A is said to be regular if, in addition, the 
global dimension of A is finite. 

Let A be a Noetherian algebra. If the injective dimension of aA and Aa are 
both finite, then these two integers are equal by [29, Lemma A]. We call this 



(b) dimExt^Uk,^) 
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common value the injective dimension of A. The left global dimension and 
the right global dimension of a Noetherian algebra are equal |23} Exe. 4.1.1]. 
When the global dimension is finite, then it is equal to the injective dimension. 

In order to study infinite dimensional Noetherian Hopf algebras, Lu, Wu and 
Zhang introduced the concept of a homological integral for an AS-Gorenstein 
Hopf algebra in [15], which is a generalization of an integral of a finite di- 
mensional Hopf algebra. In [7J, homological integrals were defined for general 
AS-Gorenstein algebras. 

Let A be a left AS-Gorenstein algebra with injdim aA = d. Then Ext^(^k, aA) 
is a 1-dimensional right ^4-module. Any nonzero element in Ext^^k, aA) is 
called a left homological integral of A. We write J A for Ext^(^k,^A). Sim- 
ilarly, if A is right AS-Gorenstein, any nonzero element in Ext^(k^,A^) is 
called a right homological integral of A. Write f A for Ext^k^, Aa)- 

J A and JT are called left and right homological integral modules of A respec- 
tively. 

CY algebras are closely related to algebras having rigid dualizing complexes. 
The non-commutative version of a dualizing complex was first introduced by 
Yekutieli. 

Definition 1.6. [27] (cf. [STJ Defn. 6.1]) Assume that A is a (graded) Noe- 
therian algebra. Then an object St of D b (A e ) (D b (GiMod(A e ))) is called a 
dualizing complex (in the graded sense) if it satisfies the following conditions: 

(i) St is of finite injective dimension over A and A op . 

(ii) The cohomology of St is given by bimodules which are finitely generated 
on both sides. 

(iii) The natural morphisms A — > RHom^(^, S£) and A — > RHom^op (St, St) 
are isomorphisms in D(A e ) (D(GrMod(vl e ))). 

Roughly speaking, a dualizing complex is a complex St £ D b (A e ) such that 
the functor 

(7) RHonu(-,^) : D b fg (A) E) g (A<*) 

is a duality, with adjoint RHom^oji(— ,St) (cf. (27J Prop. 3.4 and Prop. 3.5]). 
Here D b g (A) is the full triangulated subcategory of D(A) consisting of bounded 
complexes with finitely generated cohomology modules. 

In the above definition, the algebra A is a Noetherian algebra. In this case, a 
dualizing complex in the graded sense is also a dualizing complex in the usual 
sense. 
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Dualizing complexes are not unique up to isomorphism. To overcome this 
weakness, Van den Bergh introduced the concept of a rigid dualizing complex 
in [2H Defn. 8.1]. 

Definition 1.7. Let A be a (graded) Noetherian algebra. A dualizing complex 
£% over A is called rigid (in the graded sense) if 

RHom Ae (A, A M®3g A )=@ 
in D(A e ) (L>(GrMod(^ e ))). 

Note again that if A e is Noetherian then the graded version of this definition 
implies the ungraded version. 

Lemma 1.8. (cf. Prop. 4.3] and [ZEJ Prop. 8.4]) Let A be a Noetherian 
algebra. Then the following two conditions are equivalent: 

(a) A has a rigid dualizing complex & = Aw,[s], where ip is an algebra 
automorphism and s£Z, 

(b) A has finite injective dimension d and there is an algebra automorphism 
(t> such that 

0, i^d; 



A^ i = d 



as A-A-bimodules. 
In this case, (f> = ip -1 and s = d. 

The following corollary follows immediately from Lemma [1.81 and the definition 
of a CY algebra. It characterizes the Noetherian CY algebras. 

Corollary 1.9. Let A be a Noetherian algebra which is homologically smooth. 
Then A is a CY algebra of dimension d if and only if A has a rigid dualizing 
complex A[d] . 

2. Calabi-Yau pointed Hopf algebras of finite Cartan type 

In this section, we calculate the rigid dualizing complex of a pointed Hopf 
algebra U (V, A) and study its Calabi-Yau property. 

Before we give the main theorem of this section, let us recall the Koszul complex 
of quadratic algebras (cf. |20j). Let V be a finite dimensional vector space and 
T(V) the tensor algebra of V. Suppose that A is a quadratic algebra, that is, 
A = T(V)/{R), where R C V (8 V. The quadratic dual algebra of A, denoted 
by A\ is the quadratic algebra T(V*)/ (R- 1 ) . Let {xi]i = \^... jn be a basis of 
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V and {x*}i = i t ... >n be the dual basis of V*. Introduce the canonical element 
e = Y^i=i Xi <S> x* E A ® A 1 . The right multiplication by e defines a complex 

(8) > A ® A 1 * % A ® 4-i ► 4 ® 4* ->• -4 -> k -> 0. 

This complex is called the Koszul complex of A The algebra A is Koszul if 
and only if the complex (JSJ) is a resolution of a^- 

Let K, be the bimodule complex defined as follows 

(9) K\ > A® A* ® A% A® Ajli ® A ^ ^ A ® A ^ 0. 

The differentials Dj :A®Af®A-*A® A*^ ® A, 1 < j < n, are defined by 
Dj = d[ t ■ ( 1 Fr/j. where c§(l® a® 1) = £™ =1 s i ® a • < ® 1 and <$(l®a®l) = 
SILi 1 ® 2;* ■ a ® for any l®a®leA® A* ® A. The complex AC is called 
the Koszul bimodule complex of A. If A is Koszul, then /C — > A — > is exact. 

In the rest of this section we fix a generic datum of finite Cartan type 
(£>, A) = (T, ((Hj)i^ij^e, i.<li)iex, (9i)n:i<:e, (Xi) 

where T is a free abelian group of rank s. Let xp x , ■ ■ ■ , xp be the root vectors. 
Recall from Remark 11.21 that there are 1 ^ ^ p, 1 ^ k ^ 9, such that 

x Pi h = x k- 

Lemma 2.1. The Hopf algebra A = U(T>,X) is Noetherian with finite global 
dimension bounded by p + s. 

Proof. The group algebra IkT is isomorphic to a Laurent polynomial algebra 
with s variables. So IkT is Noetherian of global dimension s. By Lemma 11.44 
the algebra GrA = U(T>,0) is an iterated Ore extension of kT. Indeed, if 
x Pii ' ' ' > Xf3 p are the root vectors of A, then 

GrA = kT[xp l ;Ti,6 1 ][xp 2 ;T2,5 2 ] ■ ■ ■ [xp p ;T p ,6 p ], 

where for 1 ^ j ^ p, Tj is an algebra automorphism such that Tj(xg.) is just 
a scalar multiple of x@. for i < j, and Sj is a Tj-derivation such that 5j(xp i ), 
i < j, is a linear combination of monomials in xp i+1 , ■ ■ ■ ,x^ j _ 1 . By [181 Thm. 
1.2.9 and Thm. 7.5.3], we have that GrA is Noetherian of global dimension 
less than p + s. Now it follows from [181 Thm. 1.6.9 and Cor. 7.6.18] that the 
algebra A is Noetherian of global dimension less than p + s. □ 

Theorem 2.2. Let (T>,\) be a generic datum of finite Cartan and A the Hopf 
algebra U(T>, A). Then A is Noetherian AS-regular of global dimension p + s, 
where s is the rank of T and p is the number of the positive roots of the Cartan 
matrix. The left homological integral module f A of A is isomorphic to k^ ; 
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where £ : A — >• k is an algebra homomorphism defined by £(g) = (Hf =1 Xp.)(9) 
for all g G T and £(xi) = for all 1 ^ i ^ 9. 

Proof. We first show that 

0, i ^ p + s; 

E^ A ( A k, A A)^\ 

kg, i=p + s. 

>. 

With Lemma [1.5l and Lemma [2 .1| the method in [8l Prop. 3.2.1] for computing 
the group Ext*^ ( g )(j/ 9 (g)^> C/ g (g)^g(fl)) a l so works in the case of A = U(T>,\). 
The difference is that the right ^4-module structure on Ext^ +S (yik, aA) is not 
trivial in the case of U(T>,\). Let C = GtU(T>,X). We also have that 
Ext A { A k, A A) = for i / p + s and Ext£ +S (ck, C C) = Ext p A +s ( A h, A A) as 
right T-modules. 

We now give the structure of Ext*^(ck, c'C). Let B be the following algebra, 

k ( x h » ■ ■ ■ » x e v I X p i x p j = x Pj (g 01 )x p . x Pi , l ^ * < j «s p). 

Then C = B#kT. We have the following isomorphisms 

RHom c (k,C) ^ RHom c (kr<g> kr k, C) 

^ RHom kr (k,RHom c (kr,C)) 

RHom kr (k, kr) <g>£ r RHomc-(kr, C). 

Let 

(10) -> 5 ® Sp* -> > B®B\* ^ ► 5 ® Si* -> £ -> k -»• 

be the Koszul complex of B (cf. complex (jHJ))- It is a projective resolution of 
k. Each B * is a left kr-module defined by 

[#)](x; n A-Axy = ^(x^A-Axy) 

= I\t=i X/3 k (g)/3( x *p n A • • • A 

Thus, each B <8> B ? is a -B^kT-module defined by 

(c£g)-(b®P) = (c£g)(b)®g(J3), 

for any 6®/? 6 B® £?■-* and G i?#kT. It is not difficult to see that the 
complex (I10p is an exact sequence of B#~kT modules. Tensor ing it with kr, 
we obtain the following exact sequence of -B#kr-modules 

-4 B®Bp ®kr -)■ >• B(8)S}*g)kr -4 ► £®-Bi*® kr £<g>kr -4 kr -4 0, 

where the T-action is diagonal. Each B ® B'* <S> kr is a free B^kT-module. 
Therefore, we obtain a projective resolution of kr over B#hT. 
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The complex 

-> Hom (7 ( J B(g)kr, C) ->• Hom c (S® J Bl*(g)kr, C) -> > Hom c (B<g)B p *®kT, C) -)• 

is isomorphic to the following complex 

O^C^^i^C^ ► Sp.! ® C ^> ® C -> 0. 

This complex is exact except at -B p (8> C, whose cohomology is isomorphic to 
Bp <g> kT. So RHom c (kr, C) = 5 p <g> kT[p]. We have 

p 

1=1 

for all 5 € r. The group T is a free abelian group of rank s, so RHomj I r(k, kT) = 
k[s]. Therefore, we obtain that 

RHom kr (k, kT) ®£ r RHomc(kr, C) ^ k^ [p + s], 

where £' is defined by £'(<?) = (Ili=i f° r all g G T and ^'{x p ) = for 

all 1 ^ j ^ p. That is, 



Ext* c ( c k, c C) 



0, i^p+s; 
k|/, i = p + s. 



Ext^ +s ( J 4k, ^A) is a 1-dimensional right A-module. Let m be a basis of the 
module Ext^ +s ( J 4k, ^A). It follows from the right version of [19|, Lemma 2.13 
(1)] that m ■ xi = for all 1 < i ^ 6. Since Ext£ +S (ck, C C) = Ext^ +s ( A k, A A) 
as right T-modules, we have showed that 



Similarly, we have 



0, i^p + s; 
k ? , i=p+s. 



dimExt^k^, A A ) 



0, i^p + s; 

1, i = p + s. 

By Lemma |2. 11 the algebra A is AS-regular of global dimension p + s. □ 



Now we can give a necessary and sufficient condition for a pointed Hopf algebra 
[/(£>, A) to be CY. 

Theorem 2.3. Let {T>,\) be a generic datum of finite Cartan type and A the 
Hopf algebra U(T>,\). Let s be the rank ofT and p the number of the positive 
roots of the Cartan matrix. 
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(a) The rigid dualizing complex of the Hopf algebra A = U(T>, A) is 1 [,A[p + 
s), where tp is defined by tp(x k ) = ili=Wj fe Xp % (9k)x k , for alll^k^O, 
and ip{g) = (11?= 1 Xp. ) (d) f or a ^ 9 e I\ where each j k , 1 ^ k ^ 9, is 
the integer such that (3j k = a k . 

(b) The algebra A is CY if and only if H?=i Xp- = £ an d $a ^ s an ^ nner 
automorphism. 

Proof, (a) By [JJ Prop. 4.5] and Theorem 12.21 the rigid dualizing complex of 
A is isomorphic to ^j 5 2>l[p + s], where £ is the algebra homomorphism defined 
in Theorem 12.21 It is not difficult to see that 

([0^00 = (II 

8=1 

for all g £ T. For 1 ^ k ^ 6, we have A(x k ) = ^ ® 1 + ft 8 ^ and S^(x k ) = 
Xhidk 1 )^- If JJfe is tne integer such that (3 jk = a k , then x». {9k) = Xk(9k)- So 

J k 

ms 2 A )(x k ) = xkig^MW 

= Xk{gk l )\Vi=iX^{9k){x k ) 

= W P i=i^ jk X fii {9k){x k ). 
(b) follows from Theorem O and [12, Thm. 2.3]. □ 

Remark 2.4. From Theorem 12.31 we can see that for a pointed Hopf algebra 
U(T>, A), it is CY if and only if its associated graded algebra U(T>, 0) is CY. 

Corollary 2.5. Assume that A = U(T>,X). For every A-A-bimodule M, there 
are isomorphisms: 

(11) HH*(A, M) = RR p+s ^i(A,^-iM), 0<^i^ p + s , 

where ip is the algebra automorphism defined in Theorem \2.3[ 



Proof. This follows from Cor. 5.2] and Theorem 12.21 



□ 
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3. Calabi-Yau Nichols algebras of finite Cartan type 

As we noted in Remark 12.41 the CY property of U(D, A) is determined by the 
CY property of U(T>, 0), which is equal to the smash product B(V)#hT of the 
Nichols algebra B{V) with the group algebra kT. One would naturally ask 
whether or not the CY property of U(T>,0) depends on the CY property of 
B(V). In this section, we work out a criterion for the Nichols algebra B(V) to 
be Calabi-Yau, and answer the question in Section 4. We fix a generic datum 
of finite Cartan type 

(D,0) = (r, (aij)i^ij^g, (qj)ieX, (#i)i<i<0> (x*W<0> °)> 

where T is a free abelian group of rank s. Let V be the generic braided vector 
space with basis {x±, ■ ■ ■ ,xg} whose braiding is given by 

for all 1 sj i, j 0, where qij = Xj(di)- Recall that the Nichols algebra B(V) 
is generated by Xj, 1 ^ i ^ 6, subject to the relations 

ad c (xi) l ' a » Xj = 0, 1 < i,j < 0, i + j, 

where ad c is the braided adjoint representation. 

By [31 Thm. 4.3], the Nichols algebra B(V) is a subalgebra of U(V,0), and the 
following monomials in root vectors 

{x^ ■ ■ • x J | <h > 0, 1 < i < p} 

form a PBW basis of the Nichols algebra B(V). The degree (cf. @) of each 
PBW basis element is defined by 

deg(*£ = (ai,-- - ,a p , J>to(A)) e (Z^ ) p+1 , 

where ht{f3i) is the height of 

The following result is a direct consequence of Lemma 11.41 
Lemma 3.1. In the Nichols algebra B(V), for j > i, we have 

(12) K^]c= E^-* 

where p a £l and pa 7^ on/y w/ien a = (ai, • • • , a p ) satisfies that a& = /or 
fc ^ i and k ^ j. 

Order the PBW basis elements by degree as in ([5|). By Lemma 13. 11 we obtain 
the following corollary. 
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Corollary 3.2. The Nichols algebra B(V) is an W +1 -filtered algebra, whose 
associated graded algebra GtB(V) is isomorphic to the following algebra: 

Hx h , • • • , x p J x Pi x Pj = x Pj (% )x Pj l^i<j^p), 
where x^ , • • • , x fi are the root vectors of B{V). 

For elements \x a } ■ ■ ■ x" p j, where ai, • • • ,a v ^ 0, define 

pi pp ^ 

do (^...^) = ELi«MA)- 

Then R = B(V) is a graded algebra with grading given by do. Let = 
R. Define d\ (x" 1 • • • x a v ) = a p . We obtain an N-filtration on Let 
R^ = GiR^ be the associated graded algebra. In a similar way, we define 

dzix® 1 ■ ■ ■ x a a v ) = a v -i and let R^ = GrR^ be the associated graded algebra. 

pi pp * 

Inductively, we obtain a sequence of N-filtered algebras R(°\- ■ ■ , R^ , such 
that i?W = GrR^, for 1 < i < p, and flW = Gri2. 

The algebra i? e has a PBW basis as follows 

(13) {a£"-z£®a%*...*x£ | ai, - - ■ ,a p ,fei,--- ,6 P ^0}, 

where "V denotes the multiplication in R op . Similarly, define a degree on each 
element as 

deg(x£...xg®x£ *■■■*:!;£) 

= (ai + bi,..- ,a p + 6 p ,^(a i + 6 i )^A) € 

Then i? e is an N p+1 -filtered algebra whose associated graded algebra Gr(i? e ) 
is isomorphic to (Grit!) 6 . 

In a similar way, we obtain a sequence of N-filtered algebras (R e Y°\ ■ ■ ■ , {R e )^\ 
such that (i^)® = Gr((i? e )( 4 - 1 )), for 1 < t < p, and (i? 6 )^ = GrR e . In fact, 
(i? e )« = (i?^) 6 , for < t < p. 

Lemma 3.3. Let R = B(V) be the Nichols algebra ofV. Then the algebra R e 
is Noetherian. 

Proof. The sequence (R e )^ , • • • ,(R e )^ is a sequence of algebras, each of 
which is the associated graded algebra of the previous one with respect to an 
N-filtration. The algebra (R e )( pS) is isomorphic to (GrR) e , which is Noetherian. 
By [THJ Thm. 1.6.9], the algebra R e is Noetherian. □ 

Lemma 3.4. The algebra R = B(V) is homologically smooth. 

Proof. Since R e is Noetherian by Lemma 13.31 and R is a finitely generated 
i? e -module, it is sufficient to prove that the projective dimension projdim ReR 
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is finite. The filtration on each (R^) e , ^ % ^ p — 1, is bounded below. In 
addition, from the proof of the foregoing Lemma [3 .31 each (R^) e is Noetherian 
for ^ i ^ p. Therefore, (R^) e is a Zariskian algebra for each ^ i ^ p — 1. 
It is clear that each 1 $J i ^ p — 1, viewed as an (i? ( -*- ) ) e -module has a 

good filtration. By [141 Cor. 5.8], we have 

projdim Re R = projdim^oj-je R^ ^ projdim^i)^ i?W ^ • • • 
^ projdim (i?(p))e = projdim (Gri?) e GtR. 

The algebra GtR is a quantum polynomial algebra of p variables. From the 
Koszul bimodule complex of GtR (cf. Q), we obtain that projdim/ Grfl ) e GtR = 
p. Therefore, projdim Re R ^ p and R is homologically smooth. □ 

Proposition 3.5. Let R = B(V) be the Nichols algebra ofV. 

(a) R is AS-regular of global dimension p. 

(b) The rigid dualizing complex of R in the graded sense is isomorphic to 
v R(l)\p] for some integer I and some N-graded algebra automorphism 
tp of degree 0. 

(c) The rigid dualizing complex in the ungraded sense is just v R[p\- 

Proof. Let x 0i , • • • , x & be the root vectors. By Lemma 13.11 we can use a 
similar argument to the proof of Lemma 12.11 to show that the algebra R is an 
iterated graded Ore extension of k[x^ ]. Indeed, 

R - H x 01 } K 2 ; T 2, fa] ■ ■ ■ [x 0p ; t p , s p ] , 

where for 2 ^ j ^ p, Tj is an algebra automorphism such that Tj (x^ ) is 
just a scalar multiple of x p , for i < j, and 6j is a Tj-derivation such that 
5j(x a ), i < j, is a linear combination of monomials in x. , ••• ,x„ . It 

J"' Pi" J ' Pi+l ' ' Pj-l 

is well-known that k[x^J is an AS-regular algebra of dimension 1, and the 
AS-regularity is preserved under graded Ore extension. So R is an AS-regular 
algebra of dimension p. Therefore, the rigid dualizing complex of R in the 
graded case is isomorphic to ^i?(Z)[p] for some graded algebra automorphism 
(p and some I £ Z. By Lemma 13.31 R e is Noetherian. Thus the rigid dualizing 
complex ,pR(l)\p] in the graded case implies the rigid dualizing complex v R[p] 
in the ungraded case. □ 

We claim that the automorphism ip in Proposition 13.51 is just a scalar multi- 
plication. We need some preparations to prove this claim. 

If R is a T-module algebra, then the algebra R e is also a T-module algebra 
with the natural action g(r <X> s) := g(r) ® g(s), for all g £ T and r, s £ R. 
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Lemma 3.6. Let R be a Y -module algebra, such that k x is the group of units 
of R. Assume that U is an R e #kT -module, and U = R^, for an algebra 
automorphism eft, as R e #kT -modules. Then 

(a) the algebra automorphism <j> preserves T -action; 

(b) the R e #kT -module structures on U (up to isomorphism) are parame- 
terized by Hom(r, k), the set of group homomorphisms from T to k x . 

Proof, (a) Fix an isomorphism U = Ra,. Let u G U be the element mapped to 
1 G R. Then U = Ru and we have g{ru) = g(r)g{u) for all r G R and g G V. 
To determine the T-action on U, we only need to determine g{u) for g 6 T. 
Since g(u) G U, there is some r g G R, such that g(u) = r g u. On the other 
hand, we have 

U = g{U) = g(Ru). 

So there is some s G R, such that u = g(s)r g u. Since the element u forms an 
ii-basis of U, the element r g has a left inverse. Similarly, there is some s' G R, 
such that u = r g ug(s'). Since U = R^ as i?-i?-bimodules, we have 

(14) 4>{r)u = ur, 

for any r G R. So u = r g ug{s') = r g (j)~ l {g{s l ))u. Thus r g has a right inverse as 
well. Consequently, r g is a unit in R, and r 9 G k x . We have g(h{u)) = (gh)(u) 
for g,h G T. That is, = r 9 r^. Therefore, the T-action on U defines a 
group homomorphism from T to k x , denoted by x '■ r — )• k x . Since J7 is an 
ii e #kr-module, we have g(rus) = g(r)g(u)g(s), for any r,s € R and <? G T. 
To show that preserves the T-action, we compute g(4>(r)(u)). On one hand, 
we have 

g(4>{r)u) = g(ur) 



x(g)ug(r) 
x(g)4>(g{r))u. 



On the other hand, we have 



g((f){r)u) = g{<p(r))g(u) 

= x{g)g{4>{r))u. 

So g(4>(r)) = 4>{g{r)). That is, the automorphism 4> preserves T-action. 

(b) In Part (a) we have shown that a T-action on U is determined by a group 
homomorphism from T to k x such that U is an i? e #kr-module. 

Suppose there are two T-actions on U such that they are isomorphic. We write 
these two actions as g (u) = r g u and g' 2 (u) = s g u. Denote by U\ and U2 
the T-modules with these two actions respectively. Let / : Ui U2 be an 
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-R e #kT-module isomorphism. Then f{u) = ru for some unit r € R. Since the 
set of units of R is k x , we have r € k x . On one hand, we have 

/(</») = f(r g u) 
= r g ru. 

On the other hand, we also have 

f{g l {u)) = g 2 (f(u)) 
= g' 2 (ru) 

= rg 2 (u) 

= SgTU. 

Therefore, r g = s g , and (b) follows. □ 

If U is an R e ^hT -module, then we can define an (i?#kr) e -module U #kT. It 
is isomorphic to U <g> r as vector space with bimodule structure given by 

(r#h)(u (g) g) := rh(u) (g> hg, 

(u <g> g)(r#h) := ug(r) ® gh, 
for any r#/i € R#H and u® g eU ®T. 

Lemma 3.7. Let R be a T-module algebra with k x being the group of units 
and U an R e #¥T -module. Assume that U = R^ as R e #kT -modules, where 
(j) is an algebra automorphism. If the T- action on U is defined by a group 
homomorphism \ ■ T -> k x . Then U#kT = (R#kT)^ as {R#kT) e -modules, 
where tp is the algebra automorphism defined by ip(r#g) = x{9~ 1 ) ( t ) ij r )H 1 9 f or 
any r#g € R#kT. 

Proof. The homomorphism ijj defined in the lemma is clearly bijective. First 
we check that it is an algebra homomorphism. For any r#g, sj^h € R-ffkY , we 
have 

H(r#g)(s#h)) = ip(rg(s)#gh) 

= xih^g-'MrgisMgh 
= x {h- l g- l )<t>{r)<t>{g{s))#gh 
= xih^g-'MrM^sMgh 

= (^{r)x(g- l )#g){(t>(s)x(h- l )#h) 

= ip(r#g)iKs#h). 
The forth equation holds since 4> preserves the T-action by Lemma 13.61 

Next we show that U#kF = (R#kT)^ as (i?#kr) e -modules. Fix an isomor- 
phism U = R(f, and let u € U be the element mapped to 1 € R. We define a 
homomorphism $ : U#kT — > (RftkT)^ by <£(ru ® g) = x(fi' _1 ) r #5 f - It is easy 
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to see that <I> is an isomorphism of left P#kT-modules. Now we show that it 
is a right P#kr-module homomorphism. Indeed, we have 

$(u(r#g)) = ®(ur®g) 

= $((f)(r)u®g) 

= X{g~ l )<t>{r)#g 

= <$>{u)^{r#g) 
= • ( r #g). 



□ 



Now we can prove the following lemma. 



Lemma 3.8. Keep the notations as in Proposition 13,51 The actions of if on 
generators Xi, ■ ■ ■ ,xq are just scalar multiplications. 

Proof. By Proposition 13.51 and Lemma 11.81 we have P-P-bimodule isomor- 
phisms 

0, i^p; 



Ext l Re {R, R e 



Rw, i = p. 



The group T is a free abelian group of rank s, so the algebra kr is a CY algebra 
of dimension s. Following from [101 Sec. 2], R^ is an i? e #kr-module and there 
are (P^kT^-bimodule isomorphisms 



(p#kr, (R#kT) e ) 



0, i^p + s; 

(i? v )#kr, i = P + s. 

For the sake of completeness, we sketch the proof here. By Lemma 13.41 R is 
homologically smooth. That is, R has a bimodule projective resolution 

(15) ->• P q -> ► Pi -> P -> R -»• 0, 

with each P, being finitely generated as an P-P-bimodule. 

Extjj e (R, R e ) are the cohomologies of the complex Hom#e(P., R e ). The algebra 
R e is an P e #kr-module defined by 

((c ® • (a ® b) = g(a)d <g> cg(b) 

for any a <g> 6 € P e and (c (gi cf)## G P e #kr. Then each Hom ff (Pj, P e ) is an 
P e #kr-module as well: 

(16) [((c d)# 5 ) • /](x) = ((c d)#<?) • /(*), 

where (c®d)#g G R e #kT, f G Hom^(P,P e ) and x G P. Now Hom/j, (P., P e ) 
is a complex of left P 6 #kr-modules. Thus we obtain that Ext^ e (P, R e ) = R v 
is an P e #kr-module. 
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Let A = R#kT. Observe that A e is an P e #kr-A e -bimodule. The left kT- 
module action is defined by 

(17) g.( a #h®b#k)=g(a)gh®b#kg-\ 

for any a#h®b#k E A e and g £ V. The left P e -action and right ^4 e -action are 
given by multiplication. Let W be the vector space kr <8> kT\ Then R e <£> W is 
also an P e ^kr-j4 e -bimodule defined by 

((c <8> • (a®b®h®k) = eg (a) (8 #(6)cZ <8> g/i <8> kg' 1 

and 

(a (8) 6 /i fc) • (c#/i' (8) = a/i(c) (8) ((Af 1 ^ -1 )^ (8 /i/i' <8> fc'A;. 

It is not difficult to see that the morphism f : A e R e ®W defined by 

f(a#h <g> b#k) =a®k~ 1 (b)®h®k 
is an isomorphism of P e #kr-74 e -bimodules. 

Let P be a finitely generated projective P e -module. The kr-^4 e -bimodule 
structure of R e ®W induces a kr-^-bimodule structure on Hom/je (P, P e <8W). 
We define a kT-^4 e -bimodule structure on Hom/je(P, P e ) ®W as follows 

g-(f®h®k)=g-f®gh® kg' 1 

and 

(/ ® /i ® Jfe) • (c#ti (8 = (h(c) (8 (Ar 1 *;' -1 )^) ■ f ® hti ® k'k, 

where the P e #kT-module structure on Hom^je (P, P e ) is defined in (|16p . Now 
the canonical isomorphism from Hom^e (P,P e ) (8> W to Hom^(P, R e (8 W) is 
a kr-vl e -bimodule isomorphism. 

Since R admits a resolution like (|15p with each Pj finitely generated, we have 

Extjj. (P, P e (8 W) = Ext^e (P, P e ) (8 TV 

as kT-A e -bimodules for all i ^ 0. On the other hand, we have Stefan's spectral 
sequence [26] : 

Ext^ r (k, Ext£ e (P, A e )) => Ext^+"(A A e ). 
Thus for m, n 0, we have 

Ext^ r (k,Ext^ e (P,A e )) Ext^ r (k,Ext^ e (P,P e ® W)) 

Ext^ r (k, Ext£ e (P, P e ) (8 W). 

Hence, Ext^r(k, Ext^. e (P, A 6 )) = except that m = s and n = p. Therefore, 

Ex Wrr W^r, (P#kr) e ) = o 
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for i ^ p + s and 

Ext p + s {A,A e ) = Extl r (k,Ext p Re {R,A e )). 

Let M be a left kr-module. One can consider it as a kr-kr-bimodule M e 
with the trivial right kr-module action. The algebra kr is a CY algebra of 
dimension s. From Van den Bergh's duality theorem (Theorem |22[ Thm. 1]) 
we obtain the following isomorphisms: 

Ext tr (k,M) 9* HH s (kr,M e ) 
(18) = HH (kr, M £ ) 

^ Tor^ r (k,M). 

Now we have the following isomorphisms of right yl e -modules 

Ext p / e s (A,A e ) Ext s kr (k,Ext^ e (R,A e )) 

Ext| r (k, Ext^ e (R, R e ) ® W) 
Ext kr (k,i^® W) 

^ To4 r (k,^OVF) 

^ k ® kr <S> W. 

If we look at the kr-yl e -bimodule structure on R^ <g) W carefully, we obtain 
that 

k ® kr R v <8> W i^#kr 

as right ^-modules. 

Since the connected graded algebra R is a domain by Lemma 11.31 the group 
of the units of R is k x . Following Lemma 13.61 and 13.71 we have (R v )#kT = 
(RjfckT)^, where -0 is the algebra automorphism defined by ip(r#g) = <p{r)x{g ~ 1 ) 
for some algebra homomorphism x '■ L — > k. 

On the other hand, since A = R#kT = £/(£>, 0), we have ^4-^4-bimodule iso- 
morphisms: 

{0, i ^ p + s; 
A\p, i = p + s, 

where ip is the algebra automorphism defined in Theorem 12.31 

Therefore, we obtain an A-A-bimodule isomorphism A^ = A^. That is, xf) and 
ip differ only by an inner automorphism. By Lemma 11.31 the graded algebra 
A is a domain; and the invertible elements of A are in kr. The actions of ip 
and the group actions on generators x\, ■ ■ ■ ,xg are just scalar multiplications. 
Thus the actions of ij) on x\,--- ,xg are also scalar multiplications. Since 
^(xi) = if(xi) for all 1 ^ i ^ 0, we obtain the desired result. □ 

Now we are ready to prove the main theorem of this section. 
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Theorem 3.9. Let V be a generic braided vector space of finite Cartan type, 
and R = B(V) the Nichols algebra of V . Let p be the number of the positive 
roots of the Cartan matrix. For each 1 ^ k ^ 9, let be the integer such that 
P jk = a k . 

(a) The rigid dualizing complex is isomorphic to v R[p\, where <p is the 
algebra automorphism defined by 

ifc-i p 

i=l «=Jfc+l 

for alll^k^O. 

(b) The algebra R is a CY algebra if and only if 

n xk{g^) = n x/>itek)> 

1=1 *=jfc+l 

for alll^k^e. 

Proof, (a) Note that GrR is isomorphic to the following quantum polynomial 
algebra: 

Hx pi ,x pp \x p . x p . = x Pj (9 0i )x p . X/,., l^i<j^p). 

By [21\ Prop. 8.2 and Thm. 9.2], GtR has a rigid dualizing complex ^Gri?[p](= 
GirR^-i[p\), where £ is defined by 

^ x 0„ ) = X~* (9 h ) • • • Xk 1 )X Ph+1 (% )'"X fiv )x Pk , 
for all 1 ^ k ^ p. 

On the other hand, it follows from Proposition 13.51 and Lemma [3 . 8 1 that R has 
a rigid dualizing complex ^R, where cp is an algebra automorphism such that 
for each 1 ^ k ^ 6, ip{xk) is a scalar multiple of Xk- Assume that <p(xk) = h x k, 
with Ij, 6 k 

Let ,Rte) be the sequence of algebras defined after Corollary 13.21 By 

Lemma [3-H and applying a similar argument to the one in the proof of Propo- 
sition 13.51 we obtain that each R^ 1 ' , ^ i ^ p, is an iterated Ore extension 
of the polynomial algebra h[x]. Thus each of them is AS-regular. It follows 
from [2H Prop. 1.1] that each R®, 1 ^ i ^ P-, has a rigid dualizing complex 
where ipW = Grc^* -1 ) and ip^ = (p. Since for each 1 < k < 0, 
<p{ x k) = ^fc^fc; we have (p( p \xk) = h x k- Because R^ = GrR, there is a bi- 
module isomorphism V ( P ){R^) — AGtR). We obtain that ip^ = (, as R is 
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connected. Therefore, for each 1 k ^ 9, 

ifc-l p 
hx k = C(x k ) = (J| Xk l {9 Pi )){ II X 0i (9k))xk, 

i=l i=jk+l 

where jk is the integer such that (3j k = a^- 

Now we can conclude that ip{x k ) = (IIi=i Xk 1 (d 0i ))(]lf=j fc +i X, h {9k))xk, for 
each 1 ^ k < 6. 

(b) The algebra R is homologically smooth by Lemma 13.41 It follows from 
Corollary 11.91 that R is CY if and only if R = ^R as bimodules. That is, R is 
CY if and only if ip = id. Hence (b) follows from (a). □ 

Example 3.10. Let (V, A) = (T, (ciij), (g 7 ), (<?i), (xi)> 0) be a generic datum 
such that the Cartan matrix is of type A 2 . This defines a braided vecter space 
V. Let {x\,x 2 } be a basis of V. The braiding of V is given by 

c(xj ®Xj) = Xj(9i)xj <S>Xi, i,j = 1,2. 

The Nichols algebra R = B(V) of V is generated by x\ and X2 subject to the 
relations 

x\x 2 - q 12 x x x 2 x\ - q 11 q 12 x 1 x 2 x 1 + q n q 2 2 x 2 x\ = 0, 

x\x\ - q 21 x 2 x\x 2 - q 22 q 21 x 2 xix 2 + q 22 q 2 x x\x\ = 0, 

where = Xj(di)- The element s\s 2 si is the longest element in the Weyl 
group W. Let a\ and a 2 be the two simple roots. Then the positive roots are 
as follows 

fii = ai, (3 2 = ai + a 2 , (3 3 = a 2 . 
By Theorem 13.91 the algebra R is CY if and only if 

x 02 (gi)x 03 (gi) = (xixDtei) = i 

and 

X2(%)x2(%) = X2{glg2) = l. 

That is, g u g^ = q 22 q 2 V2 = 1. By equation ©, we have g" 1 = g" 1 = g 12 g 21 . 

Now we conclude that the algebra R is CY if and only if there is some q £ k x , 
which is not a root of unity, and satisfies the following relations: 

011 = 022 = 2 aIld 012 = 021 = Q^ 1 - 

In other words, the braiding is of DJ-type. Then the algebra R is an AS-regular 
algebra of type A (see [1] for terminology). This coincides with Proposition 
5.4 in 0. 
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Example 3.11. Let R be a Nichols algebra of type B 2 . That is, R is generated 
by xi and x 2 subjects the relations 

x\x 2 - q 12 x\x 2 x 1 - g n g 12 xfx 2 xi + q 11 q^ 2 x 1 x 2 x'l 
-Qi 1 Qi 2 ( x i x 2Xi - q 12 x x x 2 x\ - q u q 12 X!X 2 x\ + q lx ql 2 x 2 x\) = 0, 

and 

x l x i - q 21 x 2 x i x 2 - q 22 q 21 x 2 xix 2 + q 22 q\\x\x\ = 0, 

where qij G Ik for 1 ^ i,j ^ 2 and q 12 q 21 = q~^ = q~ ■ Applying a similar 
argument, we obtain that R is CY if and only if there is some 5 6 k x , which 
is not a root of unity and satisfies the following: 

<?n = q, <?i2 = <?"\ Q21 = q' 1 and = q 2 - 

4. Relation between the Calabi-Yau property of pointed Hopf 
algebras and nichols algebras 

We keep the notations as in the previous section. Let (V, A) be a generic datum 
of finite Cartan type. In this section, we discuss the relation between the CY 
property of the algebra U(T>, A) and that of the corresponding Nichols algebra 
B{V). It turns out that if one of them is CY, then the other one is not. 

Lemma 4.1. For each 1 ^ k ^ 6, we have 

V Jfe-l v 

Proof. Let ojq = si x ■ ■ ■ Si p be the fixed reduced decomposition of the longest 
element wo in the Weyl group. It is clear that oo^ 1 is also of maximal length. 
By Lemma 3.11 in |13j . for each 1 ^ k ^ 6, there exists 1 ^ t ^ p, such that 

Sk^ix ' ' ' Sit—i — ^il ' ' ' 

That is, cj = s fc s ia • • • s it _ 1 Sj t+1 ■ ■ ■ s ip . Set 

f3[ = a k , f3' 2 = s k {a h ), ■■■ ,/3' p = s k s h ■ ■ ■ s^s^ ■ ■ ■ 8^(0^). 

Applying a similar argument to the one in the proof of Theorem 13.91 we con- 
clude that the rigid dualizing complex of the algebra R = B(V) is isomorphic 
to tpiR\p\. The algebra automorphism (p' is defined by 

J'i'-i v 
i=l i=jl+l 



21 



XIAOLAN YU AND YINHUO ZHANG 



for each 1 ^ I ^ 9, where j',, 1 ^ I ^ 9, are the integers such that B'., = a;. In 

h 

particular, we have 

v 

i=2 

The rigid dualizing complex is unique up to isomorphism, so V 'R = V R as 
i?-i?-bimodules, where <p is the algebra automorphism defined in Theorem 13.91 
Since the graded algebra R is connected, we have <p' = (p. In particular, 

ip'(x k ) = <p(x k ), that is, 

P 3k~^ P 

tl^(9k) = (U^ 1 (9sM II 

i=2 i=l i=jk + l 

Both Pi,-- - , /3 p and B[, ■ ■ ■ , f3' p are enumeration of positive roots. We have 
<*k = P[ = Pj k ■ Therefore, 

p p 

Hx^(9k)= n 

i=2 i=l,ijLj k 

It follows that 

Cux^m n x*g&))= n x,m)- 

□ 

Proposition 4.2. If A = U(T>, A) is a CY algebra, then the rigid dualizing 
complex of the Nichols algebra R = B(V) is isomorphic to ipR\p], where <p is 
defined by ip(x k ) = X k l {9k)x k , for all 1 ^ k ^9. 

Proof. By Theorem 13.91 the rigid dualizing complex of R is isomorphic to 
tpR\p], where ip is defined by 

ifc-i p 

<p( x k) = (Y[ x^ig^i n x 0t (9k))x k , 

i=l i=3k + 1 

for all 1 ^ k ^ 9. If A is a CY algebra, then Yu=i Xp- = e by Theorem 12.31 
Therefore, for 1 ^ k ^ 9, 



(Uiii 1 x^ig^MULjk+ix^k)) = ULiMh^M 



k) 



X k l {9k), 

where the first equation follows from Lemma 14.11 Now p(x k ) = x k ~ 1 (9k) x k f° r 
all 1 ^ k < 9. □ 

Note that Xk(9k) + 1 for all 1 < k 9. So the algebra R = B(V) is not CY, if 
A = U(V, A) is a CY algebra. 
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Proposition 4.3. If the Nichols algebra R = B(V) is a CY algebra, then the 
rigid dualizing complex of A = U(T>,\) is isomorphic to 1 [ ) A[p + s], where ip is 
defined by VK^fc) = x k f or all 1 ^ k ^ 9 and ip{g) = nf=i X$. (s) f or a ^ 9 ^ ^. 

Proof. If the Nichols algebra R is CY, then by Theorem 13.91 and Lemma 14.11 
for each 1 ^ k ^ 9, we have 

f[ X,S9k) = {\[x k \ 9 ^){f\ X*G*)) = 1- 
i=l,i^j k i=l i=jh+ 1 

Now the statement follows from Theorem 12.31 □ 

With the assumption of Proposition 14.31 for all 1 ^ k ^ 9, we have 

p 

i>{9k) = Wx Pi {9k) = Xk{9k)9k + 9k- 
i=i 

Since the invertible elements of A are in kr and T is an abelian group, tjj can 
not be an inner automorphism. So the algebra A is not CY. 

Example 4.4. Let R be the algebra in Example 13.101 Assume that T = 
(y 1; y 2 ) = 1? , and gi = yi, i = 1,2. The characters xi an d X2 are given by the 
following table: 





yi 


y2 


Xx 




q- 1 


X2 


q- 1 


q 2 



where q is not a root of unity. 

The algebra R is a CY algebra. But the algebra A = R#kT is not. The rigid 
dualizing complex of A is isomorphic to ^A[5], where ip is defined by ip( x i) = x i 
and t/j(yi) = q 2 yi for i = 1, 2. 

Example 4.5. Let A be an algebra with generators y 1 1 , y^ 1 , x\ and X2 subject 
to the relations 

yfyf = \, l^h,m^2, 
yixi = qxiyi, y x x 2 = q~ 1 x 2 yi, 

k _k 

y 2 xi = qi xiy 2 , y2 x 2 = q 1 x 2 y 2 , 
x\x 2 - q~ k x 2 xi = 1 - y\y\, 
where k, I S Z + and q G Ik is not a root of unity. 

By Theorem 12.31 the algebra A is a CY algebra of dimension 4. Let R be 
the corresponding Nichols algebra of A. The rigid dualizing complex of R is 
isomorphic to ^i2[2], where ip is defined by <p(x\) = q~ k x\ and tp(x 2 ) = q k x 2 . 
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5. Classification of Calabi-Yau pointed Hopf algebra U(V, A) of 

LOWER DIMENSIONS 

In this section, we assume that k = C. We shall classify CY pointed Hopf 
algebras U (T>, A) of dimension less than 5, where (T>, A) is a generic datum of 
finite Cartan type. In a generic datum (r, (ay), (g T ), (gi), (xi)i (Ay-)) of finite 
Cartan type, (q t ) are determined by (xi) and (gi). In the following, we will 
omit (q T ) for simplicity. 

Let (T>, A) = (r, (dij), (gi), (xi), (Ay)) be a generic datum of finite Cartan type. 
Then Xi(di) are n °t roots of unity for 1 ^ i ^ 9. Hence, in the classification, 
we exclude the case where the group is trivial. If the group T in a datum 
(V, A) = (T,(aij),(gi),(xi),(Xij)) is trivial, then the algebra U(T>, 0) (in this 
case, U(T>, 0) has no non-trivial lifting) is the universal enveloping algebra 
U(q), where the Lie algebra q is generated by Xi, 1 ^ i ^ 9, subject to the 
relations 

(adxi) 1 -^- = 0, l<i,j<0, % + 

We have tr(adx) = for all x € g. Therefore, U(g) is CY by [12, Lemma 4.1]. 
We list those of dimension less than 5 in the following table. 



Case 


CY 
dimension 


Cartan matrix 


Lie algebra 


bases 


relations 


1 


1 


A x 


X 




2 


2 


A x x Ax 


x,y 


abelian Lie algebra 


3 


3 


Ax x Ax x Ax 


x,y,z 


abelian Lie algebra 


4 


3 


A 2 


x,y,z 


[x,y] = z, [x,z] = [y,z] = 


5 


4 


Ax x • • • x Ax 


x,y,z,w 


abelian Lie algebra 


6 


4 


Ax x A 2 


x,y,z,w 


[x, y] = z, [x, z] = [y, z}=0 
[x, w] = [y, w] = [z, w] = 


7 


4 


B 2 


x,y,z,w 


[x,y] = z, [x,z] = w, 
[x, w] = [y, z] 

= [y, w] = [z, w] = o 



Remark 5.1. The Lie algebra in Case 4 is the Heisenberg algebra. In [12], the 
authors classified those 3-dimensional Lie algebras whose universal enveloping 
algebras are CY algebras. Beside the algebras in Case 3 and Case 4, the other 
two Lie algebras are 

• The 3-dimensional simple Lie algebra 5(2; 
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• The Lie algebra g, where g has a basis {x,y,z} such that [x,y] = y, 
[x, z] = —z and [y, z] = 0. 



Now let 



(P,A) = (r,(ay) 



and 



(P , A') = (r', (a^i^ij^o', (g'iji^e 1 ,, (Xi)i<i<6>'j (\j)i<i<j<e',i*<j) 

be two generic data of finite Cartan type for groups T and V, where T and V 
are both free abelian groups of finite rank. 

The data (T>, A) and (T>', A') are said to be isomorphic if 9 = 9', and if there 
exist a group isomorphism <p : T — > T', a permutation er € Sg, and elements 
^ aj € k, for all 1 ^ i ^ subject to the following relations: 

(i) fidi) = fl£(i), for all 1 ^ i ^ 9. 

(ii) Xi = X^i)^) for all 1 ^ i si 6>• 

{aja 1 ■A / r ^ if a(i) < a(j) 

-Oi«i3Cj(fi) A ff(,)<T(<)' if > ^ 
for all 1 ^ i < j ^ 9 and i oo j. 

In this case the triple ((p,a, (a«)) is called an isomorphism from (£>,A) to 
(D',\'). 

If (V, A) and ("D', A) are isomorphic, then we can deduce that a^- = a^iWj) 
for all 1 < i,j < [3]. 

The following corollary can be immediately obtained from the definition of 
isomorphic data. 

Corollary 5.2. Let (T>,0) be a generic datum of finite Cartan type formed by 
(r, (cbij), (gi), (xi)> 0)- Assume that ip : V — >• V is a group isomorphism and 
a is a permutation in Then (T>,0) is isomorphic to (D',0), where V is 
formed by (V, (a^-i^-i^), (ip(g a -i , (Xa-Hi)f 1 ))- 



Let A) be a generic datum of finite Cartan type. Following from [3], the 
pointed Hopf algebra U(T>,\) is uniquely determined by datum (V,X). Let 
Isom((T>, A), iV>' , A')) be the set of all isomorphisms from (T>, A) to (T>',\'). 
Let j4, -B be two Hopf algebras, we denote by Isom(A, B) the set of all Hopf 
algebra isomorphisms from A to B. 
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Lemma 5.3. [3, Thm. 4.5] Let (T>, A) and (V , A') be two generic data of finite 
Cartan type. Then the H op f algebras U(D,X) and U(D',X') are isomorphic if 
and only if (D,X) is isomorphic to (T>',\'). More precisely, let x\, ■ ■ ■ ,xq 
(resp. x'i,--- ,x' g ) be the simple root vectors in U(T>,\) (resp. U(D',X')), and 
let gi, ■ ■ ■ ,g$ (resp. g[,--- ,g'g) be the group-like elements in T> (resp. T>'). 
Then the map 

Isom(U{V, A), U{V, A')) -> Isom((V, A), {V\ A')), 

given by 4> H- (cp,a,(ai)), where ip(g) = 4>(g), ip(gi) = g' a[i) , 4>(xi) = a>ix' a(i) , 
for all g €T, 1 ^ i ^ 6, is bijective. 

The following lemma is well-known. 

Lemma 5.4. If T is a free abelian group of rank s, then the algebra hT is a 
CY algebra of dimension s. 

If r is a free abelian group of finite rank, we denote by |T| the rank of V. 

Proposition 5.5. Let A be the algebra U(T>,\), where (T>,\) is a generic 
datum of finite Cartan type for a group T. Then 

(a) A is CY of dimension 1 if and only if A = kZ. 

(b) A is CY of dimension 2 if and only if A = kr, where V is a free abelian 
group of rank 2. 

Proof, (a) is clear. 

(b) It is sufficient to show that if A is CY of dimension 2, then A is the 
group algebra of a free abelian group of rank 2. By Theorem 12.21 if the global 
dimension of A is 2. Then the following possibilities arise: 

(i) |T| = 2, A = kr is the group algebra of a free abelian group of rank 2; 

(ii) |r| = 1 and the Cartan matrix of A is of type A\. 

Let A be a pointed Hopf algebra of type (ii) and let the datum 

CD, A) = (T, {g^, ( X i), (ay), (A^)) 

be as follows 

. r = ( yi ) * Z; 

• g\ = Ui, for some k € Z; 

• Xi £ T is defined by Xi(ui) = <?> where q is not a root of unity; 

• The Cartan matrix is of type A\; 

• A = 0. 
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Observe that in this case, the linking parameter must be 0. In addition, there 
is only one root vector, that is, the simple root vector x\. Since q 7^ 1, we have 
Xi 7^ s. So the algebra A is not CY by Theorem 12.31 

Therefore, if A is CY, then A is of type (i). Hence, the classification is complete. 

□ 

Proposition 5.6. Let A be the algebra U(T>,\), where (T>,\) is a generic 
datum of finite Cartan type for a group V . If A is CY of dimension 3, then the 
group r and the Cartan matrix (aij) are given by one of the following 2 cases. 



Case 


\T\ 


Cartan matrix 


1 


3 


Trivial 


2 


1 


Ai x A x 



The non-isomorphic classes of CY algebras in each case are given as follows. 
Case 1: The group algebra of a free abelian group of rank 3. 
Case 2: 

(I) The datum (T>,\) = (T, (91,92), (xi>X2), (aij)i^i,j^2, A12) is given as 
follows: 

. r = ( yi ) Z; 

• 91 = 92 = D\ for some k € Z + ; 

• Xi(yi) = Q> where q G Ik is not a root of unity and < \q\ < 1, 
and X2 = Xi l ; 

• (<iy)i^j j3 -^2 * s ^ e Cartan matrix of type A\ x A\; 

• A12 = 0. 

(II) The datum (V, A) = (T, (gx, g 2 ), X2), (oy)i<i,^2, M2) is given as 
follows: 

. r = ( yi ) * Z; 

• 91 = 92 = Vi for some k € Z + ; 

• Xi(yi) = Q> where q £ k is not a root of unity and < \q\ < 1, 
and X2 = Xi 1 ; 

• (a«)i^ij<2 is the Cartan matrix of type A\ x A\; 

• A12 = 1. 

Proof. By Remark 12.41 it is sufficient to discuss the graded case and consider 
the non-trivial liftings. We first show that the algebras listed in the proposition 
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are all CY. Case 1 follows from Lemma [5.41 Now we discuss Case 2. The root 
system of the Cartan matrix of type A± x A\ has two simple roots, say ol\ 
and «2- They are also the positive roots. First we have X1X2 = £• Since 
S\{xi) = Xi(gi 1 )xi, i = 1,2, gi = g 2 = y\, we have S\{xi) = yi~ k Xiyi k for 
i = 1,2. It is easy to see that S\{y\) = Vx- It follows that S\ is an inner 
automorphism. Thus the algebras in Case 2 are CY by Theorem 12.31 

Now we show that the classification is complete. 

If A is of global dimension 3, then the following possibilities for the group V 
and the Cartan matrix (a^-) arise: 

(i) |r| = 3, A is the group algebra of a free abelian group of rank 3. 

(ii) |r| = 2 and the Cartan matrix of A is of type A\. 

(iii) |r| = 1 and the Cartan matrix of A is of type A\ x A\. 

Similar to the case of global dimension 2, A can not be CY if A is of type (ii). 

Now, let A be a CY graded algebra of type (iii). In this case, we have 
X2(<7l)xi(s , 2) = 1 (cf- equation (JT])). In addition, we have X1X2 = £ by Theo- 
rem[231 It follows that 1 = X2(fl r i)Xi(52) = X^CfOxife)- Let T = (y x ) and 
assume that gi = y\, g 2 = y\ for some k,l € Z. Then Xi(y[~ k ) = 1- Since 
Xi(yi) is not a root of unity, we have k = I, that is, gi = g 2 = Vi- Therefore, 
A = U(T>, 0), where the datum T> is given by 

. r = ( yi ) ^ Z; 

• 9l = 92 = Vi ! fo r some fc E Z; 

• Xi(yi) = 9; where g € k is not a root of unity, and \2 = xr 1 ' 

• ( a 2j')i^jj's£2 is the Cartan matrix of type A\ x A\. 

Let T>' be another datum given by 

• V = (y[) Z; 

• g[ = g' 2 = y'i j for some fc' € Z; 

• Xi(yi) = where q' G k is not a root of unity, and x'2 = Xi~ 5 

• ( a ij)i^i,j ; C2 is the Cartan matrix of type A\ X ii. 

Assume that (T>',0) is isomorphic to (2^,0) via an isomorphism (</?, a, (ct{)). 
Then </3 is a group automorphism such that f(yi) = y[ or 92(2/1) = y'{~ . Since 
a G §2> w e have a = id or a = (12). From an easy computation, there are four 
possibilities for k' and q', 

• k' = k and q' = q; 

• k' = —k and q' = q; 
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• k! = k and q' = q 1 ; 

• k! = —k and q' = q~ x . 

This shows that A = U(V,0) is isomorphic to an algebra in (I) of Case 2. 
In addition, every pair (k,q) £ Z + x I, such that < \q\ < 1 determines a 
non- isomorphic algebra in (I) of Case 2. Each algebra in (I) of Case 2 has only 
one non-trivial lifting, which is isomorphic to an algebra in (II). 

Thus we have completed the classification. □ 

We list all CY Hopf algebras U(V, A) of dimension 3 in terms of generators 
and relations in the following table. Note that in each case q is not a root of 
unity. 



CY algebras of dimension 3 



Case 


Generators 


Relations 


Case 1 




±i ±i _ ±i ±i 




1 < h < 3 


vi l vr = i 

1 ^ h, m ^ 3 


Case 2 (I) 


yf 1 ,x 1 ,x 2 


yiVi 1 = y^yi = i 

yixi = qx-iyi 
yix 2 = q~ 1 x 2 yi, < |g| < 1 
x\x 2 — q~ k x 2 x\ = 0, k G Z + 


Case 2 (II) 


yf 1 ,x 1 ,x 2 


ym 1 = y\ x y\ = 1 



yixi = qxiyi 
y\x 2 = q~ 1 x 2 yi, < \q\ < 1 
xix 2 - q~ k x 2 xi = (1 - i/i fc ), /c € 



Proposition 5.7. Let A be the algebra U(V,X), where (T>,\) is a generic 
datum of finite Cartan type for a group V . If A is CY of dimension 4, then the 
group T and the Cartan matrix (ajj) are given by one of the following 2 cases. 



Case 


\T\ 


Cartan matrix 


1 


4 


Trivial 


2 


2 


A 1 x A 1 



In each case, the non-isomorphic classes of CY algebras are given as follows. 
Case 1: The group algebra of a free abelian group of rank 4- 
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Case 2: 

(I) The datum (D,\) = (F, (gi, g 2 ), (xi, X2), (<Hj )i<i,K2, A12) is giwen oy 

• r = ( yi ,y 2 ) ^Z 2 ; 

• 9i = 92 = Hi f or some k G Z + ; 

• - Xi(yi) = 9i, Xi(2/2) = <? 2 > w/iere 9i,9 2 G k safe/y ^ < 

|gj < 1 and q 1 is not a root of unity, 

- X2 = xr 1 / 

• ( a y)i<i,j^2 is Cartan matrix of type A\ x At; 

• A12 = 0. 

(II) The datum (V, A) = (r, (gi, 52), (xi, X2), ((Hj )i<i,K2, A12) is given fry 

• r= < yi ,y 2 ) ^1?; 

• 9i = 92 = y\ for some k G Z + ; 

• - Xi(yi) = 9i, Xi(?/2) = q 2 , where q 1 ,q 2 G k safe/y i/iat < 

|gj < 1 and is noi a root of unity, 

- X2 = Xi 1 ; 

• (ajj)i<gjj^2 is ifre Cartan matrix of type A\ x A\; 

• A12 = 1. 

Let A and B be two algebras in Case (I) (or (II)) defined by triples (k,q 1 ,q 2 ) 
and (k',q[,q 2 ) respectively. They are isomorphic if and only if k = k' , q 1 = q[ 
and there is some integer b, such that q' 2 = q\q 2 or gf = q^q^ 1 - 

(III) The datum (V,X) = (F, (g 1 , g 2 ), (xi, X2), ((Hj )i<i,K2, A12) is given by 

• r= ( yi ,y 2 ) ^1?; 

•91= y\, 92 = y l 2 for some k, I G Z+; 

k 

• — Xi(yi) = 9) Xi(2/2) = q~ , where q G k is not a root of unity 

and < \q\ < 1, 

- X2 = xr 1 ; 

• (ajj)i^ij^2 is the Cartan matrix of type A\ x A\; 

• A12 = 0. 

(IV) The datum (V, A) = (r, (gi, 52), (xi. X2), )i<i,K2, A12) is given oy 

• r = (yi,y 2 ) =Z 2 ; 

• 5i = 2/i ; 92 = y l 2 for some k, I G Z+; 

k 

• — Xi(yi) = q> Xi(y2) = <Z T , where q G k is noi a rooi 0/ wniiy 

and < \q\ < 1, 

- X2 = xr 1 / 

• (°ij)i<i,j^2 is the Cartan matrix of type A\ x A\; 

• A12 = 1. 

(V) The datum (V,X) = (F, (gi, g 2 ), (xi, X2), (<Hj )i<i,K2, A12) is green 6y 
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• r = (y u y 2 ) ^Z 2 ; 

•9i = v\, 92 = y l iv l 2 f or some k,,h,l 2 G Z+, fe 7^ l x , < Zi < l 2 ; 

k-l 1 

• ~ Xi(yi) = 9; X1G/2) = Q ' 2 , where q £ h is not a root of 

unity and < \q\ < 1, 

- %2 = xr 1 / 

• ( a ij)i^i,j^2 is the Cartan matrix of type A\ x A\; 

• A12 = 0. 

(VI) The datum (V,X) = (V, (g u g 2 ), (xi, X2), (aii)l<i,j<2, A12) is flwen 5y 

• r = ( yi ,y 2 ) ^1?; 

• 9i = Vi; 92 = y l \V l 2 f° r some k, l\,l 2 € 1i + , k and < l\ < l 2 ; 

k-li 

• — Xi(2/i) = Q> Xl{y2) = Q ' 2 > where q £ h is not a root of 

unity and < \q\ < 1, 

- X2 = Xi 1 ; 

• ( a ij')i^jj's£2 *s the Cartan matrix of type A\ x A\; 

• A12 = 1. 



Proof. We first show that the algebras listed in the proposition are all CY. 
That the algebra in Case 1 is a CY algebra follows from Lemma 15.41 In Case 
2, we have X1X2 = £ and S\ is an inner automorphism in each subcase. Indeed, 
S\(xi) = g^Xigx and S\{yi) = g{ x yig\ = yi , i = 1,2. Thus the algebras in 
Case 2 are CY by Theorem 12.31 

Now we show that the classification is complete and the algebras on the list 
are non- isomorphic to each other. 

If A is of global dimension 4, then the group T and the Cartan matrix (a^) 
must be one of the following types: 



(i) 


|r| 


= 4 and A is the group algebra of a free abelian group of rank 4. 


(ii) 


|r| 


= 3 and the Cartan matrix of A is of type A±. 


(iii) 


|r| 


= 2 and the Cartan matrix of A is of type A\ X A\. 


(iv) 


|r| 


= 1 and the Cartan matrix of A is of type A\ x A\ x A\. 


(v) 


|r| 


= 1 and the Cartan matrix of A is of type A 2 . 



Let A be a CY algebra of dimension 4. Similar to the case of global dimension 
2, A cannot be of type (ii). We claim that A cannot be of type (iv) and (v) 
either. 

Assume that A is of type (iv), put r = (yi), 9% = y\ x for some 7^ ra,; € Z 
and Xi(yi) = Qi f° r some g« € k, 1 ^ i ^ 3. Then qij = q™\ for 1 ^ i,j ^ 3. 
Because each qu is not a root of unity, each qi is not a root of unity either. 
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Since qijqji = 1, we have 

CC = i, CC = i, CC = i. 

Then q^ m 2 m 3 = \ ~q u i ^ j s n0 ^ a roo t Q f unity. So j4 can not be of type (4). 

In case (v), there are 3 positive roots in the root system. They are a±, a 2 and 
ol\ + a 2 , where a% and a 2 are the simple roots. If A is CY, then X1X2 = e by 
Theorem 12.31 So we have q\ x q\ x = 1 and q\j£L = 1. However, q 21 q 12 = q^ 1 
(equation ([2])). Thus qL = 1. But q 22 is not a root of unity. So A cannot be 
of type (v) either. 

Now to show that the classification is complete, we only need to show that if A 
is a CY pointed Hopf algebra of type (hi), then A is isomorphic to an algebra 
in Case 2. Each algebra in (I), (III) and (V) of Case 2 has only one non-trivial 
lifting, which is isomorphic to an algebra in (II) , (IV) and (VI) respectively. By 
Remark 12.41 it suffices to show that if A is a graded CY pointed Hopf algebra 
of type (hi), then A is isomorphic to an algebra in (I), (III) and (V) of Case 2. 

Let T = (2/1,2/2) be a free abelian group of rank 2. We write Xi(yi) = Qi> 
Xi(V2) = q 2 and gi = y^yf, g 2 = y\ x y 2 , where Xi(5l) = Q kl Q 2 2 is not a root 
of unity, and ki,k 2 ,h,l 2 £ Z. Following Theorem 12.31 we have X1X2 = £• So 
q 21 = q l ^q\ 2 and q r2 = q~ kl q~ k2 - We also have q 12 q 21 = 1 (equation fl2J)). Thus 
qh-kiqfo— k2 — 1 Therefore, A = U(T>,0), where the datum T> is formed by 

• r = (2/1,3/2) ^Z 2 ; 

• (fljj) is the Cartan matrix of type A\ X A\\ 

• 91 = y k \V k 2i 92 = 2/i 1 2/2 2 > h,k 2 ,h,l 2 G Z; 

• Xi(2/i) = ?i> = Q21 where Xi(5i) = q kl q 2 2 is not a root of unity 
and g|i- fc ig^-fc2 _ j_ 5 anc [ ^ 2 _ 

In the above datum 2?, we may assume that fci > and k 2 = 0. Then g 1 is not 
a root of unity. We show that there is a group isomorphism tp : V — >■ V', where 
r' = (2/1,2/2) is also a free abelian group of rank 2, such that ip(y kl y k2 ) = y' k 
and k > 0. 

The integers k\ and &2 can not be both equal to 0. If k 2 = and k\ > 0, then 
it is done. If k 2 = and &i < 0, then f(y\) = y L ~ l and <p(y 2 ) = y' 2 ~ l defines a 
desired isomorphism. 

Similarly, we can obtain a desired isomorphism when k\ = and &2 7^ 0. 

If k\,k 2 7^ 0, then there are some k, k\,k 2 G Z, such that fci = fcifc, &2 = k 2 k, 
k > and (fci, ^2) = 1) that is, k\ and &2 have no common divisors. We can find 
integers a, b such that ak\ +bk 2 = 1. Let y> : T — > F' be the group isomorphism 
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defined by ip(y x ) = y'^yi' 2 and ip(y 2 ) = y[ b y' 2 kl . Then ip(y kl y k2 ) = y[ and 
k > 0. In conclusion, we have proved the claim. 

If l 2 = 0, then we have q l i~ kl = 1. Since q 1 is not a root of unity, we have 
l\ = k\. Applying a similar argument to the one in Case 2 of Proposition 15. 6( 
we find that A is isomorphic to an algebra in (I) of Case 2. 

Next, we consider the case when /2 ^ 0. In case l\ = 0, like what we did for 
k± and k 2 , we may assume that l 2 > 0. If < < 1, then A is isomorphic 
to an algebra in (III) of Case 2. Otherwise, the datum (T>, 0) is isomorphic to 
the datum given by 

• T={ yi ,y 2 )^Z 2 ; 

• a'i = y l ii 92 = fc i^2 g z+; 

• x'i(yi) = Qi h , x[(.y2) = q~ r , x'2 = x'r 1 - 

• ((%•) is the Cartan matrix of type A\ x A±; 

• A12 = 

via the isomorphism (92, (12), ai = a 2 = 1), where cp is the algebra automor- 
phism defined by (f(yi) = y2 and (p(y 2 ) = y±. So A is isomorphic to an algebra 
in (III) of Case 2 as well. 

If Zi 7^ and l 2 > 0, then there is an integer c, such that ^ l\ + cl 2 < l 2 . 
Let r' = (y[,y' 2 ) be a free abelian group of rank 2, and ip : T — > T' the group 
isomorphism defined by tp(yi) = y[ and ip(y 2 ) = y'fy' 2 - Then <p(y kl ) = y[ kl 
a nd^y l 2 2 )=y' 1 h+d2 y' 2 l2 . 

If l\ 7^ and ?2 < 0, then there are integers l\, l 2 , such that l\ = l 2 = hi, 
I > and (li, l 2 ) = 1. So /2 < 0. We can find integers a, b such that oii+6/2 = 1- 
Since for any integer d, (a + dl 2 )li + (b — dl\)l 2 = al\ + bl 2 = 1, we may assume 
that ^ a < — Z2. Let V = {y[,y 2 ) be a free abelian group of rank 2, 
and (p : T — > V be the group isomorphism defined by (^(yi) = 2/1*2/2 ' 2 an d 
V(lft) = I/iV/ 1 - Then ^) = y'^y^ and <^y 2 2 ) = y^. 

In summary, by Corollary I5.2[ we may assume that l 2 > and ^ l\ < l 2 . If 
h = 0, then we go back to the case we just discussed. If l\ 7^ and < \q 1 \ < 1, 
then A is isomorphic to an algebra in (V). Otherwise, (^,0) is isomorphic to 
the datum given by 

. r = { yi ,y 2 ) ^i?- 

• 9i = y[,g'2 = yi kl y2 lh - h,h € Z+ are the integers such that lh = h, 
U2 = h, and (h, l 2 ) = 1. a, b G Z are the integers such that 0/1 + 6/2 = 1 
and < a < 1%. 
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k-^l2 ak-^—l 

• x'i(yi) = Qi h , x[(y2) = qi h , x f 2 = x'f 1 - 

• (ciij) is the Cartan matrix of type A\ x A\\ 

• A12 = 

via the isomorphism (12), a.\ = a.i = 1), where (p is the isomorphism defined 
by (p(yi) = y\y\ 2 and p(y2) = ViV^ 1 ■ It follows that A is isomorphic to an 
algebra in (V) as well. 

It is clear that the algebras from different cases and subcases are non-isomorphic 
to each other. It is sufficient to show that the algebras in the same subcases 
in Case 2 are non-isomorphic. Each algebra in (II), (IV) and (VI) is a lifting 
of an algebra in (I), (III) and (V) respectively. So it is sufficient to discuss the 
cases (I), (III) and (V). 

First we discuss the case (I). Let V and V be two data given by 

• r = ( yi ,y 2 ) =Z 2 ; 

• 9i = 92 = y\ for some k € Z + ; 

• Xi(yi) = <7d Xid/2) = 9 2 > where q 1 ,q 2 Gk satisfy that < < 1 and 
q 1 is not a root of unity, and \2 = X\ l 'i 

• (aij)i<^ij^2 is the Cartan matrix of type A\ x A\ 

and 

• T = (y' l ,y' 2 )^Z 2 ; 

• 9i = 92 = y\ for some k' G Z + ; 

• Xi(2/i) = q[, Xi{V2) = q' 2 , where q' v q' 2 G k satisfy that < \q[ \ < 1 and 
g' x is not a root of unity, and \2 = X\ l 'i 

• (a^)i^jj^2 is the Cartan matrix of type A\ x A\ 

respectively. Assume that (ip, a, a) is an isomorphism from (1^,0) to (D',0). 
Say ip(yi) = y'^y^ and ip(y 2 ) = y'iy' 2 d - Since g 1 = g 2 and g[ = g' 2 , we have 
<p{y\ ) = y'i . Moreover, k,k' > 0. So a = 1, c = and d = ±1. Consequently, 
we have k = k' , q 1 = q[. If a = id, then q' 2 = q~ b q 2 . Otherwise, q' 2 = q\q~ l ■ 
We have identified the isomorphic algebras in (I). 

Similarly, it is direct to show that each triple (k, I, q) € Z + x Z + x k such that 
< \q\ < 1 determines a non-isomorphic algebra in (III). 

Now we show that the algebras in (V) are non-isomorphic. Let V and V be 
the data given by 

• r = (yi,y 2 ) = Z 2 ; 

• 9i = y\ i 92 = y l \y l 2 such that k, l\,h € Z + and < l\ < h', 



CALABI-YAU POINTED HOPF ALGEBRAS OF FINITE CARTAN TYPE 



37 



• Xi(yi) = Qi where q £ k is not a root of unity, < \q\ < 1, and 

Xi (2/2) = 9 h and X2 = Xi ; 

• ( a ij)i^i,j^2, the Cartan matrix of type A\ x A\ 

and 

• r' = (y 1,1/2) is also a free abelian group of rank 2; 

• gi = y'^', g' 2 = y'^y'/ 2 such that k', l[,l 2 £ Z+ and < l[ < 1' 2 ; 

• Xiiu'i) = 9') where q' G k is not a root of unity, < |g'| < 1, and 

X'i(y' 2 ) = Q and x'2 = xi 1 ; 

• (ay)i^jj^2, the Cartan matrix of type Ai x Ai 

respectively. We claim that (T>, 0) and (V, 0) are isomorphic if and only if 
q = q', k = k', l\ = l[ and l 2 = V 2 . 

Assume that {T>, 0) is isomorphic to (V, 0) via an isomorphism (99, a, a\ = 
a 2 = 1). Suppose that (p(yi) = y'iv' 2 and 9^(2/2) = y'iv' 2 , with a,b,c,d G Z. 

Either <r = id or a = (12). If <r = id, then ip(gi) = g[, i = 1, 2. So 

1 ak 1 ck 1 k' 1 rah+bfo 1 ch+dfo il\ 1 1' 9 

Vi 2/2 =2/1 and yi y 2 = Vi 1 y 2 2 - 

Since 93 is an isomorphism, we have ad — be = ±1. Because, k,k',l 2 ,l' 2 > 0, 
< Zi < Z2 and < Z' x < 1' 2 , it follows that 6 = c = and a = d = 1. Therefore, 
jfe = A;', /1 = /i, Z 2 = 1' 2 , and g = g'. Namely, (V, 0) = (X>', 0) 

If a = (12), then <p(gi) = £73_j, i = 1,2. This implies that 

/ afc / ck il\ ilL , / a/1+6/2 /c/i+d/2 / fc' 

2/i 2/2 =2/i 2/2 and y x y 2 = 2/i • 

We can find integers l\ and [2, such that l\ = Til, l 2 = T 2 l, I > and (h,T 2 ) = 1. 

Since ad — be = ±1, we have (c, d) = 1. From c/c = l 2 > and cZi + d/2 = 0, it 
follows that c = l 2 and d = If ad — be = 1, we have 

fc' = ah + bl 2 = l(ah + bT 2 ) = -l(ad - be) = -I < 0, 

a contradiction! 

If ad — be = —1, we have 

q = x'i(y'i) = X2^ _1 (2/i) = X2h)iy 2 ) = q~ 2 <^. 

But Z2 , k, l 2 > and < |g|, |g'| < 1. We get a contraction as well. In summary, 
we have proved the claim. □ 

Now we list all pointed CY Hopf algebras U (V, A) of dimension 4 in terms of 
generators and relations in the following table. Note that q 1 and q are not 
roots of unity. 
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CY algebras of dimension 4 



Case 


Generators 


Relations 


Case 1 


Vh,y h 1 
1 < h < 4 


Vh Vni = VrnVh 

vfvf = i 

1 ^ h,m ^ 4 



Case 2 (I) j/f 1 , j/f 1 , xi, x 2 V^Vm = VmVh 1 

y?yt = i 

1 < h,m ^ 2 
yixi = gjXiyi, yix 2 = q , 1 _1 x 2 yi 
y 2 xi = ^12/2, 2/2^2 = q~ l x 2 y 2 

< |gj < 1 

Xix 2 — q~ k x 2 x\ = 0, k £ Z + 
Case 2 (II) yf 1 ,yf 1 ,x 1 ,x 2 yfy^ = y^y* 1 

y^yf = 1 

1 < h,m ^ 2 

yixi = g^iyi, yix 2 = q~ 1 x 2 yi 
y 2 xi = q 2 xiy 2 , y 2 x 2 = q~ x x 2 y 2 

< |gj < 1 

xix 2 - g 1 " fc x 2 xi = 1 - fc G Z+ 
Case 2 (III) yf\yf\x l ,x 2 yfy^ = V^vf 

yfyf = 1 

1 < h,m < 2 

yixi = gxiyi, yix 2 = q~ l x 2 yi 

k _k 

y 2 xi =qixiy 2 , y 2 x 2 = q 1 x 2 y 2 
x\x 2 — q~ k x 2 x\ = 
k, I G < |q| < 1 
Case 2 (IV) yt\vt\x u x 2 vt l = 

1 ^ /i,m ^ 2 
yixi = gxiyi, yix 2 = q~ l x 2 yi 

k k 

y 2 xi = q~xiy 2 , y 2 x 2 = q~~x 2 y 2 
x\x 2 - q~ k x 2 xi = 1 - y\y\ 
k,l £ Z+, < \q\ < 1 
Case 2 (V) y± 1 ,y 2 ±1 ,xi,x 2 yfyj 1 = y± l yf 

1 < h,m ^ 2 
3/1X1 = gxiyi, yix 2 = q~ l x 2 y x 

k — li k — li 

y 2 xi = q~xiy 2 , y 2 x 2 = q ~x 2 y 2 
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X1X2 — q k x 2 x\ = 



fc.il, Z 2 eZ+,0<!i< l 2 , < \q\ < 1 



Case 2 (VI) yf 1 , yf \ x lt x 2 




= qxxyi, yix 2 = q x 2 yi 



h — l-^ k — l-^ 



y 2 xi = q '2 xiy 2 , y 2 x 2 = q 'a x 2 y 2 

x\x 2 -q K x 2 x\ = l-y l v y{ 
k,h,l 2 eZ + ,0<h< l 2 , < \q\ < 1 



Let g be a semisimple Lie algebra and ?7 9 (jj) its quantized enveloping algebra. 
By [3 Prop. 6.4], the global dimension of the algebra U q (o) is the dimension 
of g. Thus, if U q (g) is of global dimension less than 5, then U q (g) is isomorphic 
to U q (sl 2 ), which is of global dimension 3. That is, among the algebras of the 
form U q (g), only U q (sl 2 ) appears in the lists of Propositions 15.51 15.61 and 15.71 
The algebra U q (sl 2 ) is isomorphic to U(T>, A) with the datum given by 

• r = (g), a free abelian group of rank 1; 

• The Cartan matrix is of type A\ x A\; 

• 91 = 92 = 9] 

• Xl(<?) = Q 2 ^ X2(g) = q 2 , where q is not a root of unity; 

• A12 = 1. 

It belongs to (II) of Case 2 of Proposition 15.61 

The family of pointed Hopf algebras U(T>, A) provide more examples of CY 
Hopf algebras of higher dimensions. From the classification of CY pointed Hopf 
algebras U(T>, A) of dimensions less than 5, we see that the Cartan matrices 
are either trivial or of type A% x • • • x A\. The following example provides a 
CY pointed Hopf algebra of type A 2 x A\ of dimension 7. 

Example 5.8. Let A be U(T>, A) with the datum {V, A) given by 

• r = (2/1,2/2,2/3), a free abelian group of rank 3; 

• The Cartan matrix is 



/ 2 -1 
-12 
\ 2 




• gi = yi, 1 ^ i ^ 3; 
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• Xi-, 1 ^ i ^ 3, are given by the following table, where q is not a root of 
unity. 





Vi 


2/2 


2/3 


Xi 


q 


q- 2 


q A 


X2 


q 


q 


q- 2 


X3 


q~ 4 


q 2 


q~ A 



• A = 

In other words, A is the algebra with generators Xi, yf 1 , 1 ^ i,j ^ 3, subject 
to the relations 

yt l yf = yf l yt\ yfyf l = h K*,i<3, 
yj(%i) = Xi{yj)xiVj, i ^ i,j ^ 3, 

2 2 , 3 2 n 

x l x 2 — qX\X2X\ — q X\X2X\ + Q X2X 1 = U, 

x 2 x\ — q X2X1X2 — q X2X1X2 + q X\x 2 = 0, 
£1^3 = X3X1. 

The non-trivial liftings of A are also CY. 
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